There are experimentally determined two best-fit points for the atmospheric neutrino mixing angle θ 23 : sin 2 θ 23 = 0.413 (case A) and sin 2 θ 23 = 0.594 (case B). In the bipair neutrino mixing scheme, we predict sin 2 θ 23 = √ 2 − 1 (case 1) to be consistent with the case A and sin 2 θ 23 = 2 − √ 2 (case 2) to be consistent with the case B. If the case B is realized in nature, the bipair neutrino mixing provides a unique neutrino model consistent with the observation sin 2 θ 23 = 0.594. However, the reactor neutrino mixing angle θ 13 is predicted to be sin 2 θ 13 = 0, which is inconsistent with the observation. We propose a new modification scheme to yield sin 2 θ 13 = 0 utilizing the charged lepton contribution and study its effect on both of CPviolating Dirac and Majorana phases, which is numerically estimated. It is found that there appear striking differences between the case 1 and the case 2 in their phase structure.
Introduction
The results from the neutrino oscillation experiments have provided us with robust evidence that neutrinos have tiny masses and their flavor states are mixed with each other [1, 2, 3, 4] . A global analysis shows that the best-fit values of the mixing angles with 1σ allowed range are obtained as [5] 
where θ 12 , θ 23 and θ 13 stand for the solar, atmospheric and reactor neutrino mixing angle, respectively.
1
There are two best-fit points for the atmospheric neutrino mixing angle θ 23 . We call these two best-fit points case A and case B as follows: 
Neutrino mixings are described by the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix U P MN S [8, 9] , which is parameterized by three mixing angles θ 12, 23, 13 as well as one CP-violating Dirac phase δ CP and two CP-violating Majorana phases α 2,3 [10] to be U P MN S = U K with 
where c ij = cos θ ij and s ij = sin θ ij (i, j = 1, 2, 3) [9] . We will also use the notation of t ij = tan θ ij . There is a theoretical prediction of these mixing angles based on the bipair neutrino mixing scheme [11] . In the bipair neutrino mixing scheme, there are two sets of solutions referred to as case 1 and case 2. We obtain sin 2 θ 23 = √ 2 − 1(= 0.414) in the case 1, which is close to sin 2 θ 23 in the case A, and sin 2 θ 23 = 2 − √ 2(= 0.586) in the case 2, which is close to sin 2 θ 23 in the case B. At the same time, sin 2 θ 12 = 1 − 1/ √ 2(= 0.293) and sin 2 θ 13 = 0 are predicted. Although various other possibilities realizing the observed mixing angles θ 12, 23 have been proposed [12, 13, 14, 15, 16, 17, 18] , the bipair neutrino mixing can be a good candidate of neutrino mixing schemes for the both of the case A and the case B. Especially, if the case B is chosen as a right atmospheric neutrino mixing angle, the bipair neutrino mixing scheme is the only theoretical model that has a consistent prediction with the case B.
The bipair neutrino mixing predicts sin 2 θ 13 = 0 such as in Refs. [13, 14, 15, 16, 17, 18] , which is inconsistent with the observation. It is expected that additional contributions to the mixing angles are produced by the charged lepton contributions [19] if some of the nondiagonal matrix elements of charged lepton mass matrix are nonzero so that the reactor mixing angle can be shifted to lie in the allowed region. Two modification schemes of the bipair neutrino mixing to induce sin 2 θ 13 = 0 to be consistent with the observation are discussed in Ref. [20] and Ref. [21] . The first modification scheme is not suitable to study effects of CP-violating Majorana phases while the second modification scheme is not suitable to study those of CP-violating Dirac phase.
In this letter, we discuss third modification scheme based on the parameterization by Pascoli, Petcov and Rodejohann [22] and evaluate charged lepton contribution to both of CP-violating Dirac and Majorana phases in the bipair neutrino mixing scheme. We estimate sizes of these CP-violating phases, whose correlations are numerically obtained and discuss expected effects of CP violation in the case 1 and the case 2.
Modified bipair neutrino mixing
The bipair neutrino mixing is described by a mixing matrix U with θ 13 = 0, which is equipped with two pairs of identical magnitudes of matrix elements to be denoted by U 0 ij (i.j=1,2,3). There are two cases of the bipair texture:
• The case 1 of the bipair neutrino mixing (|U 
where c = c 12 , s = s 12 and t = t 12 . The mixing angles are predicted to be
and sin 2 θ
BP 1 13
= 0. The case 1 of the bipair neutrino mixing well describes the 1σ data of the solar neutrino mixing in Eq.(1) and the case A of the atmospheric neutrino mixing in Eq.(2).
• The case 2 of the bipair neutrino mixing (|U 
The mixing angles are predicted to be
and sin 2 θ BP 2 13
= 0. The case 2 of the bipair neutrino mixing well describes the 1σ data of the solar neutrino mixing in Eq.(1) and the case B of the atmospheric neutrino mixing in Eq.(2).
Our modified bipair neutrino mixing is described by a specific type of U P MN S , which will be constructed by the parameterization proposed by Pascoli, Petcov and Rodejohann [22] . Namely, U P MN S is given by
where U ℓ (as well as U R to be used later) and U ν , respectively, arise from the diagonalization of the charged lepton mass matrix M ℓ and of the neutrino mass matrix M ν and P is defined by
The lepton mass matrices satisfy the relations of
are, respectively, the diagonal mass matrix of the charged lepton and of the neutrino. The charged lepton mixing matrix U ℓ can be parameterized by three mixing angles θ 
where c
To be more specific, we adapt the Cabibbo-KobayashiMaskawa like parameterization of the matrix U ℓ [22, 23] , which is represented by small parameters having magnitude of the order of Wolfenstein parameter λ ∼ 0.227 or less. In the small angle approximation, the charged lepton mixing matrix can be approximated to be: 
where ǫ ij ≡ s ℓ ij . Since Eq. (11) is non-unitary, the resulting neutrino mixing matrix is not unitary. Current data do not allow a big unitarity violation effect [24] . We demand that the charged lepton mixing matrix is unitary within 1%, which is roughly λ 3 . Therefore, we have retained the terms of the second order in ǫ ij in Eq. (11) . Although numerical calculations are performed with approximate unitarity kept, results of our estimations will be shown within the first order in ǫ ij to avoid apparent complexity of derived expressions. We mention that there are other types of approximation for charged lepton mixing matrix [19] .
If M ℓ is non-diagonal, U ℓ is associated with M ℓ . We construct such a mass matrix that yields Eq.(11). One possible form of U ℓ arises from the wishful thinking of the similarity between the quark and lepton sectors [23] . Moreover, with SU(5) GUT relation, we can make simple mass matrix of charged leptons [25] . In minimal SU (5) GUT, the charged lepton mass matrix M ℓ and the down quark mass matrices M d are related each other to satisfy the relation
Given that the quark mixing angles are small, either both U u and U d are nearly diagonal or they are nearly equal. One possible choice is that U d is nearly diagonal and U R is also nearly diagonal. In this case, the mass matrix M ℓ for with
where U R ∼ 1, where terms of the first order in ǫ ij are retained for the sake of simplicity. This is one example of the charged lepton mass matrix, which is consistent with Eq. (11).
To estimate the charged lepton contributions to the mixing angles in the bipair neutrino mixing, we take the neutrino mixing matrix to be either
As a definition of the bipair neutrino mixing, there is no phase parameter in U 0 BP 1 and U 0 BP 2 . The mixing matrix U has three real parameters ǫ 12 , ǫ 13 , ǫ 23 and five phases δ, φ 2 , φ 3 , α 2 , α 3 .
In the case of U ν = U 0 BP 1 , we obtain the mixing matrixŨ 
where we defines = e −i(δ−φ3) s. From U P MN S =Ũ 0 BP 1 K and the following general relations
where U ij =(U P MN S ) ij (i.j=1,2,3), the mixing angles are obtained as follows:
In the case of U ν = U 0 BP 2 , we obtain the mixing matrixŨ 
where we definet = e −i(δ−φ3) t. The mixing angles from U P MN S =Ũ 0 BP 2 K and Eq. (14) are obtained as follows:
CP-violating phases
There are rephasing invariant quantities for CP-violating Dirac phase as well as CP-violating Majorana phases. It is known that CP-violating Dirac phase δ CP is determined by the Jarlskog invariant J [26] 
One can also find that CP-violating Majorana phases α 2,3 are determined to be:
which can be used to predict CP-violating Majorana phases from U P MN S . To find Eq. (19), e.g., rephasing invariant expressions for Majorana phases α 2,3 , it is useful to employ general parameterization of U instead of Eq. (3), which is containing three Dirac phases δ, ρ and τ as well as one additional phase γ [22, 27] : 
and three Majorana phases ϕ 1,2,3 ,
giving U P MN S = U Q. After δ CP is taken to be δ CP = δ + ρ + τ , we readily reach 
where
with β 1 = ϕ 1 − ρ, β 2 = ϕ 2 and β 3 = ϕ 3 + τ . CP-violating Dirac phase in the form of the rephasing invariant quantity, we can make the following product as one possible choice:
which is independent of the redundant phases as well as α 2,3 . The Jarlskog invariant J is expressed to be: 
In the similar way, it is possible to describe CP-violating Majorana phases in terms of rephasing invariant quantities. In fact, using Eq. (22), one can find that U 12 U * 11 , U 13 U * 11 and U 13 U * 12 [28] , which are independent of redundant phases, lead to U 12 U * 11 = s 12 c 13 c 12 c 13 e i(β2−β1) ,
U 13 U * 12 = s 13 s 12 c 13 e i(β3−β2−δCP ) , from which
can be derived.
Numerical analysis
We have performed the random search to find the parameter set of {ǫ 12,13,23 , δ, φ 2 , φ 3 , δ CP , α 2 , α 3 }. To enhance the predictability, we assume that ǫ 12 = ǫ 13 = ǫ 23 = ǫ. The unitarity of U ℓ dictates that
for ǫ 3 ≤ O(0.01). The mixing matricesŨ 0 BP 1,BP 2 are accordingly estimated to be: 
where c 23 = t/s, s 23 = t forŨ 0 BP 1 and c 23 = t, s 23 = t/c forŨ 0 BP 2 . The input parameters are ǫ, δ, φ 2 , φ 3 while the output parameters are CP-violating phases δ CP , α 2 , α 3 . We vary the input parameters in the range of 0 ≤ ǫ ≤ 0.227 and −π ≤ δ, φ 2 , φ 3 ≤ π.
For the case 1, we have searched the consistent parameter set with the 1σ data of the solar and reactor neutrino mixing angles in Eq. (1) and of the case A of the atmospheric mixing angle in Eq. (2) Fig.1 shows the result of our numerical analysis in the case 1 of the modified bipair neutrino mixing:
1. The δ CP − ǫ plot shows that 2 • δ CP is constrained to be |δ CP | 0.5;
• δ CP is constrained to be |δ CP | 1.0 for the minimal value of ǫ around 0.1;
• the smaller magnitude of δ CP is allowed for the larger value of ǫ.
The α 2 − ǫ plot shows that
• α 2 is constrained to be |α 2 | 0.5;
• α 2 is constrained to be |α 2 | 0.1 for the smaller value of ǫ satisfying 0.09 ǫ 0.14;
• the larger magnitude of α 2 is allowed for the larger value of ǫ. 2 The range of δ CP is taken to be −π/2 ∼ π/2. 3. The α 3 − ǫ plot shows that
• α 3 is constrained to be |α 3 | π/2;
• α 3 is constrained to be |α 3 | 0.5 for the minimal value of ǫ around 0.1;
• the larger magnitude of α 3 is allowed for the larger value of ǫ.
For the case 2, we have searched the consistent parameter set with the 1σ data of the solar and reactor neutrino mixing angles in Eq. (1) −0.0024 . Fig.2 shows the result of our numerical analysis in the case 2 of the modified bipair neutrino mixing:
1. The δ CP − ǫ plot shows that • δ CP is constrained to be |δ CP | 0.5 for ǫ 0.12;
• no constraint on δ CP arises for ǫ 0.12;
• the smaller magnitude of δ CP is allowed in the broad range of 0.09 ǫ 0.22.
• α 2 is constrained to be |α 2 | 0.6;
• the smaller magnitude of α 2 is allowed for 0.09 ǫ 0.12;
• the larger magnitude of α 2 is allowed for the larger value of ǫ.
The α 3 − ǫ plot shows that
• α 3 is constrained to be |α 3 | π;
• α 3 is constrained to be either α 3 ∼ 0 around its minimal value or |α 3 | ∼ π around its maximal value in the broad range of 0.12 ǫ 0.22;
• α 3 takes any allowed values for 0.09 ǫ 0.12. It is also useful to present correlations among measurable quantities for the direct comparison with future experimental data of CP-violating phases. Shown in Fig.3 and Fig.4 are mutual dependence of CP-violating phases δ CP and α 2,3 .
For the case 1, we see the following mutual dependence in Fig.3: 1. The α 2 − δ CP plot shows that |α 2 | 0.5 and that
• |α 2 | approaches to its maximal value around 0.5 as |δ CP | approaches its minimal value around 0.5;
• |α 2 | approaches to its minimal value around 0 as |δ CP | approaches its maximal value around π/2;
2. The α 3 − δ CP plot shows that |α 3 | π/2 and that
• |α 3 | approaches to its maximal value of π/2 as |δ CP | approaches to its minimal value around 0.5;
• |α 3 | approaches to its minimal value of 0 as |δ CP | approaches to its maximal value of π/2;
• roughly speaking, α 3 is scattered around the straight line of α 3 = 3(2δ CP ± π)/4.
3. The α 3 − α 2 plot shows that
• |α 2 | approaches to its maximal value around 0.5 for |α 3 | ∼ 1;
• α 3 is constrained to be |α 3 | 1.0 for |α 2 | 0.1.
On the other hand, for the case 2, we see the following mutual dependence in Fig.4: 1. The α 2 − δ CP plot shows that |α 2 | 0.6 and • δ CP takes any allowed values for α 2 ∼ 0;
• α 2 takes any allowed values for |δ CP | 0.5.
2. The α 3 − δ CP plot shows that
• |α 3 | approaches to its maximal value of π as |δ CP | approaches to its minimal value of 0;
• roughly speaking, α 3 is scattered around the straight line of α 3 = 2δ CP ± π as well as around α 3 = 0;
• δ CP takes any allowed values for α 3 ∼ 0, 3. The α 3 − α 2 plot shows that
• α 3 is constrained to be either α 3 ∼ 0 around its minimal value or |α 3 | ∼ π around its maximal value for 0.2 |α 2 | 0.6;
• α 2 (α 3 ) takes any allowed values for α 3 ∼ 0 (α 2 ∼ 0).
It can be stated that the case 1 is excluded for |δ CP | 0.3 and that the case 2 is excluded for |δ CP | 0.5 if |α 2 | 0.2.
Summary and discussions
The bipair neutrino mixing has predicted the solar neutrino mixing angle θ 12 and the atmospheric neutrino mixing angle θ 23 to be consistent with the currently observed experimental ones:
• For θ 12 , our prediction is sin 2 θ 12 = 0.293 to be consistent with the best-fit value of sin 2 θ 12 = 0.302.
• For θ 23 , our predictions are sin 2 θ 23 = 0.414 in the case 1 to be consistent with the best-fit value of sin 2 θ 23 = 0.413 (case A) and sin 2 θ 23 = 0.586 in the case 2 to be consistent with the best-fit value of sin 2 θ 23 = 0.594 (case B).
For the reactor neutrino mixing angle θ 13 , our prediction of sin 2 θ 13 = 0 is inconsistent with the best-fit value of sin 2 θ 13 = 0.0227. We have discussed effects on neutrino mixings from the charged lepton contribution, which induce appropriate sizes of θ 13 as well as CP-violating Dirac phase δ CP as a measurable quantity. CP-violating Majorana phases α 2 and α 3 are determined by U P MN S as rephasing invariant quantities to be α 2 = arg (U 12 U * 11 ) and α 3 = arg (U 13 U * 11 ) + δ CP . ¿From numerical calculations based on the simplification of ǫ 12 = ǫ 13 = ǫ 23 = ǫ, where ǫ 12,13,23 characterizes three types of charged lepton contributions, we have found that there are striking differences between the case 1 and the case 2 in the relation of δ CP -ǫ, α 2 -ǫ and α 3 -ǫ in Fig.1 and Fig.2 as well as in the relation of α 2 − δ CP , α 3 − δ CP and α 3 − α 2 in Fig.3 and Fig.4 . We can use these differences to predict CP-violating phases for comparison with the results of the future global analysis. For example, if the case A of the global analysis for the atmospheric neutrino mixing angle sin 2 θ 23 = 0.413 to be a correct mixing angle, we can expect that the case 1 is realized and that the following predictions are obtained:
1. The larger CP-violating Dirac phase around |δ CP | ∼ π/2 favors for
• the suppressed charged lepton contribution of ǫ 0.1 as shown in Fig.1; • the suppressed CP-violating Majorana phase α 3 around α 3 ∼ 0 as shown in Fig.3. 2. The smaller CP-violating Dirac phase around |δ CP | ∼ 0.5 (as the maximally allowed value) favors for
• the larger charged lepton contribution of ǫ ∼ 0.23 as shown in Fig.1; • the larger CP-violating Majorana phase α 3 around |α 3 | ∼ π/2 (as the maximally allowed value) as shown in Fig.3 .
3. α 3 is scattered around the straight line of α 3 = 3(2δ CP ± π)/4.
On the other hand, if the case B of the global analysis for the atmospheric neutrino mixing angle sin 2 θ 23 = 0.594 to be a correct mixing angle, we can expect that the case 2 is realized and that the following predictions are obtained:
1. The larger CP-violating Dirac phase around |δ CP | ∼ π/2 favors is possible for
• the suppressed charged lepton contribution of ǫ 0.12 as shown in Fig.2; • the suppressed CP-violating Majorana phase α 3 around α 3 ∼ 0 as shown in Fig.4. 2. The smaller CP-violating Dirac phase |δ CP | 0.5 favors for
• the mild charged lepton contribution of ǫ 0.12 as shown in Fig.2; • the suppressed CP-violating Majorana phase α 3 around α 3 ∼ 0, ±π as shown in Fig.4. 3. α 3 is scattered around the straight line of α 3 = 2δ CP ± π as well as staying around α 3 ∼ 0.
We can also observe that the case 1 is excluded for |δ CP | 0.5 while the case 2 is excluded for |δ CP | 0.5 if |α 2 | 0.2.
